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Abstract. We study the properties of the two-point spectral form factor for classically chaotic
systems with spin1

2 in the semiclassical limit, with a suitable semiclassical trace formula as our
principal tool. To this end we introduce a regularized form factor and discuss the limit in which the
so-called diagonal approximation can be recovered. The incorporation of the spin contribution to
the trace formula requires an appropriate variant of the equidistribution principle of long periodic
orbits as well as the notion of a skew product of the classical translational and spin dynamics.
Provided this skew product is mixing, we show that generically the diagonal approximation of the
form factor coincides with the respective predictions from random matrix theory.

1. Introduction

One of the major paradigms of quantum chaos is the conjecture of Bohigas, Giannoni and
Schmit (BGS) [1] which states that the local statistics of energy spectra of (generic) individual
quantum systems, whose classical analogues exhibit (strongly) chaotic behaviour, can be well
described by that of ensembles of large random matrices. The symmetry properties of the
relevant matrix ensembles have to be chosen according to the symmetries of the quantum
system under consideration. In the case where the system is invariant under time reversal and
has integer total angular momentum, its local eigenvalue statistics are conjectured to be that
of the Gaussian orthogonal ensemble (GOE). If time-reversal invariance is broken one expects
local statistics according to the Gaussian unitary ensemble (GUE).

However, if the total angular momentum of the system is half-integer and the system
is invariant under time reversal all eigenvalues show Kramers’ degeneracy [2, 3] and their
statistics have to be compared with the Gaussian symplectic ensemble (GSE). In the GOE and
in the GUE case there is plenty of numerical evidence available in favour of the BGS conjecture
(see, e.g., [1, 4, 5]), whereas only a few examples have been studied in the GSE case (such
as, e.g., in [6, 7]). For quantum systems whose classical limit is integrable, i.e. which shows
regular behaviour, one expects the local eigenvalue statistics to follow the laws of a Poisson
process [8]. For the analytical treatment semiclassical methods, in particular semiclassical
trace formulae, have become the most important tools since Berry and Tabor [8] investigated
the behaviour of the spectral form factor for classically integrable systems by means of an
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appropriate trace formula. By making use of the Gutzwiller trace formula [5, 9–12], Berry
provided a semiclassical theory for the spectral form factor [13] of classically chaotic systems
without spin. Based on the so-called diagonal approximation, and on the periodic-orbit sum
rule of Hannay and Ozorio de Almeida [14], he could explain the semiclassical asymptotics of
the form factor for small values of its argument, thus recovering the GOE and GUE behaviour,
respectively.

In this paper our aim is to show that Berry’s semiclassical treatment of the two-point
form factor can be carried over to quantum systems with spin1

2, whose classical translational
dynamics are chaotic. We base our analysis on the semiclassical trace formula for the Dirac
equation that we developed recently [15, 16]. In this trace formula the presence of spin is
reflected in a modification of the amplitudes with which the periodic orbits of the translational
dynamics contribute. This modification arises from a spin dynamics that involves a ‘classical’
spin precessing along the periodic orbits. The central part of this paper therefore consists
of calculating the effect of this spin contribution to the semiclassical form factor. For our
analysis we use a two-point form factor whose definition differs slightly from the one that is
more commonly used in spectral statistics (such as, e.g., in [13]). We rather prefer the point of
view adopted in [17, 18]. Both definitions, however, are equivalent in the limit where infinitely
many eigenvalues are taken into account. We also stress that both the form factor and the
associated correlation function are distributions and hence have to be evaluated on suitable
test functions. This approach makes a spectral average obsolete and enables one to state the
BGS conjecture, specialized to the form factor, in a precise manner. Moreover, the lacking
self-averaging property discussed in [19] poses no difficulty in this context.

This paper is organized as follows. In section 2 we introduce our definition of the spectral
form factor for a finite part of the spectrum and discuss in which sense one can expect to recover
the form factors given by random matrix theory. Section 3 is devoted to the definition of a
regularized form factor which we evaluate semiclassically using trace formulae for the Dirac as
well as for the Pauli equation [15, 16]. We also invoke the diagonal approximation and briefly
discuss its range of validity. In section 4 a suitable version of the equidistribution principle
of long periodic orbits is used in order to obtain the semiclassical asymptotics of the diagonal
form factor. In this context we employ the notion of a skew product of the translational and
the spin dynamics, the ergodic properties of which determine the semiclassical asymptotics.
Our principal results are then summarized in section 5. Namely, depending on the presence
or absence of quantum mechanical time-reversal invariance, and provided the dynamics of the
skew product is mixing, we can recover a GSE or GUE behaviour of the diagonal form factor,
respectively. The relation between classical and quantum mechanical time reversal as well as
the equidistribution of long periodic orbits are discussed in two appendices.

2. The form factor for quantum systems with half-integer spin

The two-point correlations of a discrete quantum spectrum are conveniently measured by either
the two-point correlation functionR2 or by the two-point form factorK2, which is related to
R2 through a Fourier transform. Before defining these quantities one usuallyunfolds the
spectrum, i.e. the eigenvaluesEk are rescaled toxk such that the unfolded eigenvalues have a
mean separation of one. This means that the spectral densityd(x) of the unfolded spectrum
allows for a separation

d(x) :=
∑
k

δ(x − xk) = 1 +df l(x) (2.1)
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such that

1

21x

∫ x+1x

x−1x
df l(y) dy = 1

21x
#{k; x −1x 6 xk 6 x +1x} − 1 (2.2)

vanishes asx →∞, 1x →∞, 1x/x → 0. For a finite part of the spectrum, containingN
unfolded eigenvalues enumerated asx1, . . . , xN , one defines the two-level correlation function
by

R2(s;N) := 1

N

∑
k,l6N

δ(s − (xk − xl))− 1. (2.3)

Accordingly, the two-level form factor is defined as

K2(τ ;N) :=
∫
R
R2(s;N) e−2π iτs ds = 1

N

∑
k,l6N

e−2π iτ(xk−xl) − δ(τ ). (2.4)

Since both quantities are distributions, which is most clearly seen in the case of the correlation
function (2.3), one should evaluate these on smooth and compactly supported test functions,
i.e.φ ∈ C∞0 (R),∫

R
K2(τ ;N)φ(τ)dτ = 1

N

∑
k,l6N

∫
R
φ(τ) e−2π iτ(xk−xl) dτ − φ(0)

= 1

N

∑
k,l6N

φ̂(2π(xl − xk))− φ(0)

=
∫
R
R2(s;N) φ̂(2πs) ds. (2.5)

We remark that since the form factor is obviously even inτ , it suffices to consider only even
test functionsφ. The convention for the Fourier transform that was used, and that will be used
in all of what follows, is

f̂ (k) =
∫
R
f (x) eixk dx and f (x) = 1

2π

∫
R
f̂ (k) e−ixk dk. (2.6)

After smearing with a test function all expressions occurring in (2.5) are obviously finite. In
this form a semiclassical analysis of either the form factor or the correlation function can be
carried out. Ifφ is chosen as non-negative, the left-hand side of (2.5) can also be viewed as
the mean value ofK2(τ ;N) whenτ is drawn randomly with probability densityφ. Since we
always understand the form factor in the above sense, the absence of a self-averaging property
discussed in [19] is not essential for our further considerations.

For a given quantum Hamiltonian̂H the unfolding of its discrete spectrum shall proceed
in the following manner. We consider a spectral interval

I = I (E, h̄) := [E − h̄ω,E + h̄ω] ω > 0 (2.7)

that has no overlap with a possible essential spectrum ofĤ . Then the conditionEk ∈ I is
equivalent to

−ω 6 Ek − E
h̄

6 ω. (2.8)

The number of eigenvalues contained inI ,

NI := #{k;Ek ∈ I } (2.9)
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can be estimated semiclassically as

NI ∼ 2h̄ωd̄(E) = ω

π
TH (E) h̄→ 0 (2.10)

where d̄(E) denotes an appropriate mean spectral density andTH (E) := 2πh̄d̄(E) is the
Heisenberg time. A convenient definition ofd̄(E) can be derived from the semiclassical
trace formula forĤ in that it shall denote the contribution coming from the singularity of
Tr exp[−(i/h̄)Ĥ t ] at t = 0 to all polynomial orders in ¯h (see, e.g., [10–12, 16, 20]). The
spectra that we are going to consider below are such that in the semiclassical limit ¯h→ 0 the
Heisenberg time tends to infinity,TH →∞. For example, givenE in the gap of the essential
spectrum of a Dirac Hamiltonian̂HD, i.e. in typical cases−mc2 < E < mc2, the mean spectral
density reads [15, 16]

d̄(E) = 2
vol�+

E + vol�−E
(2πh̄)3

[1 + O(h̄)] (2.11)

where�±E denote the hypersurfaces of energyE in phase space corresponding to the classical
Hamiltonians

H±(p,x) = eϕ(x)±
√
(cp− eA(x))2 +m2c4 (2.12)

for relativistic particles of positive and negative kinetic energy, respectively, in the static
external electromagnetic fields generated by the potentialsϕ andA. Therefore, in the
semiclassical limit the number of eigenvalues in the intervalI increases, although its length
|I | = 2h̄ω shrinks to zero. A completely analogous argument applies to Pauli Hamiltonians
[16].

We now define the unfolded spectrum through

xk := Ekd̄(E) and x := Ed̄(E). (2.13)

The conditionEk ∈ I (E, h̄) is hence equivalent toxk ∈ [x − 1x, x + 1x], where
1x := (ω/2π)TH . With this choice indeedx →∞,1x →∞, such that1x/x = h̄ω/E→ 0
in the semiclassical limit. In this context the quantity (2.2) reads

1

21x
#{k; x −1x 6 xk 6 x +1x} − 1= π

ωTH
NI − 1 (2.14)

such that (2.10) ensures its vanishing in the semiclassical limit.
From now on we will choose the numbering of the eigenvaluesEk andxk, respectively, in

such a way that the eigenvalues inI are given by

E1 6 E2 6 · · · 6 ENI . (2.15)

Changing the value of ¯h therefore alters the numbering of the eigenvalues. Consequently, the
conditionEk ∈ I is equivalent tok 6 NI . At this point we recall that the semiclassical limit
h̄→ 0, orTH →∞, impliesNI →∞. For the form factor (2.4) we now obtain

K2(τ ;NI) = 1

NI

∑
Ek,El∈I

e−2π iτ d̄(E)(Ek−El) − δ(τ )

=
∣∣∣∣ 1√
NI

∑
k

χ[−ω,ω]

(
Ek − E
h̄

)
e−(i/h̄)τTHEk

∣∣∣∣2 − δ(τ ) (2.16)

where thek-sum extends over all eigenvalues ofĤ andχ[−ω,ω] denotes the characteristic
function of the interval [−ω,ω] that occurs due to the condition (2.8).
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In the preceding discussion we tacitly assumed that the discrete spectrum of the quantum
Hamiltonian carries no systematic degeneracies. In order to achieve such a situation one has to
remove all symmetries. As opposed to geometric or internal symmetries that have to be realized
by unitary representations of the respective symmetry groups, the time-reversal operation must
be implemented by an anti-unitary operatorT̂ (see [3] and appendix A). For single particles
of spins the square of̂T depends ons being integer or half-integer in that̂T 2 = (−1)2s . In
case the quantum system is time-reversal invariant, i.e. [Ĥ , T̂ ] = 0, and has half-integer spin
this leads toKramers’ degeneracy[2]: sinceT̂ 2 = −1 implies that every vectorψ 6= 0 in the
Hilbert space is orthogonal tôT ψ , all eigenvalues ofĤ are (at least) twofold degenerate (see
[21, 22] for details).

Following the usual practice, we will remove Kramers’ degeneracy by replacing each
degenerate pairE2k = E2k+1 of eigenvalues by one of its representatives. Thus the mean
spectral density is lowered by a factor of two. In analogy to (2.13) the unfoldingEk 7→ x̃k
of the so modified spectrum can therefore be achieved through the choicex̃k := xk/2. The
modified form factor then reads

K̃2(τ ;N) = 2

N

∑
k,l6N
k,l odd

e−2π iτ(x̃k−x̃l ) − δ(τ )

= 1

2N

∑
k,l6N

e−2π i 1
2 τ(xk−xl) − 1

2δ
(

1
2τ
)

= 1
2K2

(
1
2τ ;N

)
. (2.17)

In this setting the conjecture of Bohigaset al [1] states that for individual (generic) classically
chaotic quantum systems of particles with half-integer total spin and no unitary symmetries
one should obtain

lim
N→∞

∫
R
K̃2(τ ;N)φ(τ)dτ

!=
∫
R
KGSE

2 (τ ) φ(τ)dτ (2.18)

for all test functionsφ ∈ C∞0 (R). HereKGSE
2 denotes the two-point form factor of the Gaussian

symplectic ensemble of random matrix theory,

KGSE
2 (τ ) =

{
1
2|τ | − 1

4|τ | log |1− |τ || for |τ | 6 2

1 for |τ | > 2
(2.19)

see, e.g., [22]. When time-reversal invariance is lacking, the respective conjecture reads

lim
N→∞

∫
R
K2(τ ;N)φ(τ)dτ

!=
∫
R
KGUE

2 (τ ) φ(τ)dτ (2.20)

where now the form factor of the Gaussian unitary ensemble [22] should occur,

KGUE
2 (τ ) =

{
|τ | for |τ | 6 1

1 for |τ | > 1.
(2.21)

In our subsequent semiclassical investigations we will in both cases, i.e. with and without
time-reversal invariance, consider the form factorK2(τ ;NI) as it is given in (2.16). When
dealing with the case of time-reversal invariance we appeal to the relation (2.17).
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3. The semiclassical form factor

Since the work of Berry and Tabor [8] on the distribution of eigenvalues for classically
integrable systems, semiclassical trace formulae have found numerous and fruitful applications
in the analysis of spectral statistics. A prominent example is Berry’s analysis of the spectral
rigidity [13], which relies in an essential way on a semiclassical evaluation of the two-point
form factor based on the Gutzwiller trace formula. In this work it already became apparent
that present semiclassical methods at most allow one to study the form factor in the restricted
range|τ | < 1 (see also [20] for a review). Only recently have improved techniques been
developed [23] that might allow one to extend the semiclassical analysis of spectral statistics.
In this paper, however, we follow the more traditional path in that in the end we consider the
so-called diagonal approximation for the form factor.

The two-point form factor as given in (2.16) requires to establish a trace formula for the
sum ∑

k

χ[−ω,ω]

(
Ek − E
h̄

)
e−(i/h̄)τTHEk . (3.1)

However, the general structure of (convergent) semiclassical trace formulae (see, e.g., [10–
12, 16, 20]), necessitates the use of a smooth test functionρ ∈ C∞(R) with the Fourier
transformρ̂ ∈ C∞0 (R). One therefore has to replace the sharp cut-off, provided by the
characteristic function in (3.1), by a smoothed substitute. For this reason we now introduce
theregularized form factor

K
χ,η

2 (τ ; TH ) :=
∣∣∣∣√ π

ωTH

∑
k

χ(Ek) η

(
Ek − E
h̄

)
e−(i/h̄)τTHEk

∣∣∣∣2 − δ(τ ) (3.2)

whereη ∈ C∞(R) is a test function with the Fourier transform̂η ∈ C∞0 (R), but that is
otherwise arbitrary at the moment. Later we will introduce a further normalization condition.
In the following we will consider both relativistic and non-relativistic particles with spin
1
2. In the relativistic case, when one is dealing with a Dirac HamiltonianĤD, the function
χ ∈ C∞0 (R), which is not to be confused with the characteristic functionχ[−ω,ω] , is necessary
to truncate the essential spectrum ofĤD. In typical situationsχ should therefore be supported
in the interval(−mc2, mc2), where the eigenvaluesEk of ĤD are located. When these do not
accumulate at some point, one could also leave out the truncationχ from (3.2).

We are now in a position to use the test function

ρ(ε) := η(ε) e−2π id̄(E)τ(h̄ε+E) (3.3)

in the semiclassical trace formula for the Dirac equation that was developed in [15, 16],∑
k

χ(Ek) ρ

(
Ek − E
h̄

)
= χ(E) TH (E)

2π
ρ̂(0) [1 + O(h̄)] + χ(E)

∑
γ

∑
k 6=0

Tγ

2π
ρ̂(kTγ )Aγ,k.

(3.4)

The outer sum on the right-hand side extends over all primitive periodic orbitsγ of energyE,
with periodsTγ , of the two classical flows generated by the Hamiltonians (2.12). The inner
sum then is over allk-fold repetitions of primitive orbits, formally including negative ones.
The weight attached to each pair(γ, k) reads

Aγ,k := tr dkγ
| det(Mk

γ − 1l)|1/2 e(i/h̄)kSγ (E)−i 1
2πkµγ [1 + O(h̄)]. (3.5)
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Heredγ ∈ SU(2) denotes the semiclassical time evolution operator for the spin degrees of
freedom along the primitive periodic orbitγ of the translational dynamics. Furthermore,
Sγ (E) denotes the action ofγ andµγ is its Maslov index. The (monodromy) matrixMγ is
the linearized Poincaré map transversal toγ . In the form given in (3.4) the trace formula is
valid for all cases where the classical flows have only isolated and non-degenerate periodic
orbits. An analogous trace formula, with appropriate simplifications, is also available for Pauli
Hamiltonians, see [16].

Upon choosing the test function (3.3) in the trace formula (3.4), its left-hand side reads∑
k

χ(Ek) ρ

(
Ek − E
h̄

)
=
∑
k

χ(Ek) η

(
Ek − E
h̄

)
e−(i/h̄)τTHEk (3.6)

and is hence the appropriate starting point for a semiclassical analysis of the form factor (cf
(3.2)). As a first ingredient on the right-hand side of (3.4) one requires the Fourier transform
of the test function (3.3), which is given by

ρ̂(t) = e−(i/h̄)EτTH η̂(t − τTH ). (3.7)

For convenience we now chooseη to be even and real-valued, which implies thatη̂ also shares
these properties. Furthermore, the truncationχ of the essential spectrum shall be such that
χ(E) = 1. Thus, the trace formula yields the following semiclassical representation of the
regularized form factor:

K
χ,η

2 (τ ; TH ) = −δ(τ ) +
TH

4πω

[
η̂(τTH )

]2
[1 + O(h̄)]

+
∑
γ

∑
k 6=0

Tγ

4πω
η̂(τTH ) η̂(kTγ − τTH )Aγ,k [1 + O(h̄)]

+
1

TH

∑
γ,γ ′

∑
k,k′ 6=0

Tγ Tγ ′

4πω
η̂(kTγ − τTH ) η̂(τTH − k′Tγ ′) Aγ,k Aγ ′,−k′ . (3.8)

In the next step we are going to test the semiclassical form factor with someφ ∈ C∞0 (R) (cf
(2.5)). To this end one needs the integral

F(T , T ′) :=
∫
R
φ(τ) η̂(T − τTH ) η̂(τTH − T ′) dτ (3.9)

whose leading term in the semiclassical limitTH →∞ can be calculated by introducing the
Fourier representations forφ andη̂. A straightforward calculation then yields

F(T , T ′) = 1

TH

∫
R

∫
R

∫
R
φ̂(t) η(ε) η(ε′) ei(εT−ε′T ′) δ

(
t

TH
+ ε − ε′

)
dε′ dε dt. (3.10)

Changing variables fromε, ε′ tou := ε′ −ε andv := (ε′+ε)/2, and employing the expansions

η

(
v ± t

2TH

)
= η(v) + O

(
t

TH

)
(3.11)

finally shows that

F(T , T ′) = 1

TH

∫
R

∫
R
φ̂(t) exp

[
−it

(
T + T ′

2TH

)]
η(v)2 eiv(T−T ′) dv dt + O

(
1

T 2
H

)
= 1

TH
φ

(
T + T ′

2TH

)
η̂ ∗ η̂(T − T ′) + O

(
1

T 2
H

)
(3.12)
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where the convolution

η̂ ∗ η̂(t) :=
∫
R
η̂(t − t ′) η̂(t ′) dt ′ = 2π

∫
R
η(v)2 eitv dv (3.13)

enters. We therefore conclude that∫
R
K
χ,η

2 (τ ; TH ) φ(τ)dτ = φ(0)
[
−1 +

1

4πω
η̂ ∗ η̂(0)

]
+ O(h̄)

+
1

TH

∑
γ

∑
k 6=0

Tγ

4πω
η̂ ∗ η̂(kTγ )Aγ,k φ

(
kTγ

2TH

)
[1 + O(h̄)]

+
1

T 2
H

∑
γ,γ ′

∑
k,k′ 6=0

Tγ Tγ ′

4πω
η̂ ∗ η̂(kTγ − k′Tγ ′)φ

(
kTγ + k′Tγ ′

2TH

)
Aγ,k Aγ ′,−k′ .

(3.14)

At this point we introduce the normalization ofη announced previously. Guided by the simple
observation ∫

R
[χ[−ω,ω](ε)]

2 dε = 2ω (3.15)

we require the same normalization for the smooth substituteη of the sharp cut-offχ[−ω,ω] ,

1

2π
η̂ ∗ η̂(0) =

∫
R
η(ε)2 dε

!= 2ω. (3.16)

Consequently, the leading semiclassical order of the first line on the right-hand side of (3.14)
vanishes. Furthermore, since the Fourier transformη̂ of the test functionη is required to be
compactly supported, the second line is a finite sum, multiplied by 1/TH . A similar argument
applies to the third line, apart from thediagonal contributionwith kTγ = k′Tγ ′ , whereη̂∗ η̂(0)
occurs and thus no such cut-off is present.

Due to the above reasoning it is tempting to assume that in the semiclassical limitTH →∞
the right-hand side of (3.14) is completely fixed by the contribution of thediagonal form factor

K
diag
2 (τ ; TH ) := 1

T 2
H

∑
γ

∑
k 6=0

gγ,k T
2
γ |Aγ,k|2 δ

(
τ − kTγ

TH

)
. (3.17)

Here we have assumed thatk′Tγ ′ = kTγ impliesAγ ′,k′ = Aγ,k (see appendix A for the spin
contribution), and thengγ,k denotes the number of pairs(γ, k) such thatkTγ has a given value.
It is, however, well known that the above assumption is not justified. The reason for this lies in
the subtleties of the limits involved. In order to arrive at the left-hand side of (2.18), or of (2.20),
one first has to remove the smoothing of the characteristic functionχ[−ω,ω] in that a sequence of
functionsη ∈ C∞(R) approachingχ[−ω,ω] has to be considered. Then, in the limit,η̂ ∗ η̂ is no
longer compactly supported. Indeed, according to (3.13) one obtainsη̂ ∗ η̂(t) = 4π sin(ωt)/t .
Still, the periodic-orbit sums in (3.14) are truncated by the test functionφ. However, in
the semiclassical limit this cut-off is being removed. Moreover, for long periodic orbits the
differenceskTγ − k′Tγ ′ can become arbitrarily small so thatη̂ ∗ η̂(kTγ − k′Tγ ′) only provides
a modest truncation of near-diagonal contributions. The only example where it could be
rigorously shown [17] that the diagonal form factor itself produces the correct limit, if the
test functionsφ are restricted to those that are supported in the interval [−1, 1], is that of the
correlations of the non-trivial zeros of principalL-functions, including the case of the Riemann
zeta function (see also [24]). Rudnick and Sarnak [17] even proved an analogous result for
generaln-point correlations.
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As announced previously, we now invoke the diagonal approximation, i.e. we leave aside
the contribution ofKχ,η

2 (τ ; TH )−Kdiag
2 (τ ; TH ) to (3.14). This procedure, which goes back to

Hannay and Ozorio de Almeida [14], is generally supposed to reveal the correct behaviour of
the form factor for small|τ |, as was first pointed out by Berry [13]. The reason for this being
that if the test functionφ is supported in a small interval, the contribution of long periodic
orbits to (3.14) is truncated. Furthermore, due to the normalization (3.16) the diagonal form
factor is independent of the smoothingη. This convenient fact exempts one from the need to
discuss the removal of this smoothing. In order to now test the range of small|τ | one should
restrict the class of test functionsφ to those supported in intervals [−τ ′, τ ′], whereτ ′ > 0 is
‘small enough’. Recalling thatKdiag

2 andφ are even inτ an integration by parts yields∫
R
K

diag
2 (τ ; TH ) φ(τ)dτ = 2

∫ ∞
0
K

diag
2 (τ ; TH ) φ(τ)dτ

= −
∫ τ ′

0
φ′(τ )

2

T 2
H

∑
γ

∑
k>1

kTγ6τTH

gγ,k T
2
γ |Aγ,k|2 dτ. (3.18)

What is now required is the asymptotic behaviour of the periodic-orbit sum in (3.18) as
TH →∞. Since the contributions of repetitions of primitive periodic orbits are asymptotically
suppressed due to their stronger instabilities (compare also with (4.3) below), in the following
we only take thek = 1 term of the sum over the repetitions into account. Consequently, we
therefore have to study the asymptotics of the periodic-orbit sum∑

γ, Tγ6τTH

gγ,1 T
2
γ (tr dγ )

2

| det(Mγ − 1l)| (3.19)

in the double limitTH →∞, τ → 0, such thatτTH →∞. In order to simplify this task we
now make two assumptions, which should be verified in all cases that could be considered as
‘generic’ in any reasonable sense.

(a) The periodsTγ of primitive periodic orbits shall be such that any finite subset of them is
linearly independent overQ. This implies that the multiplicitiesgγ,k are independent of
k, i.e.gγ,k = gγ .

(b) The subset of primitive periodic orbitsγ with gγ 6= ḡ is of density zero in the set of all
primitive periodic orbits,

lim
T→∞

#{γ ; gγ 6= ḡ, Tγ 6 T }
#{γ ; Tγ 6 T }

!= 0 (3.20)

whereḡ = 2 in the case where the classical dynamics are time-reversal invariant, and
ḡ = 1 when time-reversal symmetry is absent. In this context time-reversal invariance
does not only mean that an orbitγ is geometrically identical to its time-reversed partner, but
also that both orbits yield the same contribution of the spin degrees of freedom to the trace
formula, which then implies thatAγ,k is invariant under time reversal. In appendix A we
show that this condition is a consequence of quantum mechanical time-reversal invariance.

Under these assumptions the factorsgγ,k can be replaced bȳg and can then be pulled out of
the sum (3.19).

4. Classical periodic-orbit sums and the contribution of spin

The aim of this section is to obtain the leading semiclassical behaviour of the periodic-orbit sum
(3.19). Apart from the appearance of the Heisenberg time only quantities related to the classical
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flow enter this expression. It therefore seems appropriate to invoke results about the distribution
of periodic orbits in phase space. In order to retain a certain convenient generality, we will not
specify the classical translational dynamics further, except for the following assumptions.

(a) The classical flow8t
H : �E → �E on the compact hypersurface�E of energyE in

the 2d-dimensional phase space is generated by some Hamiltonian functionH(p,x) and
hence preserves the (normalized) Liouville measure

dµE(p,x) := 1

vol�E
δ(H(p,x)− E) ddp ddx (4.1)

on�E .
(b) 8t

H is ergodicwith respect to the Liouville measure.
(c) 8t

H is hyperbolicon all of�E .

In the case of the semiclassical form factor for a Dirac Hamiltonian these requirements shall
apply to both classical flows, i.e. to those generated by the two classical HamiltoniansH±

given in (2.12). Moreover, we now assume that for a given energyE there will only be either
a contribution coming from the dynamics generated byH + or from the dynamics generated
by H−, but never from both at the same time. This is not a strong restriction since it only
excludes situations in which Klein’s paradox [25] can appear.

The hyperbolicity of the classical flows implies that, in particular, all periodic orbits are
either hyperbolic or loxodromic. This means that all monodromy matricesMγ have eigenvalues
with moduli strictly different from one. Since the eigenvalues occur in pairs of mutually inverse
numbers, we denote them as e±(uγ,j+ivγ,j ), uγ,j > 0, vγ,j ∈ [0, 2π), j = 1, . . . , d − 1. Thus

| det(Mγ − 1l)| =
d−1∏
j=1

∣∣(euγ,j+ivγ,j − 1
)(

e−uγ,j−ivγ,j − 1
)∣∣

= exp

(d−1∑
j=1

uγ,j

) d−1∏
j=1

∣∣1− e−uγ,j−ivγ,j
∣∣2. (4.2)

The stability exponentsuγ,j are related to the Lyapunov exponentsλγ,j of γ through
uγ,j = λγ,jTγ so thatuγ,j →∞ asTγ →∞. Hence, in this limit one obtains the asymptotic
relation

1

| det(Mγ − 1l)| ∼ pγ := exp

(
−

d−1∑
j=1

uγ,j

)
. (4.3)

Since the semiclassical limit of the periodic-orbit sum (3.19) is dominated by the contribution
of long periodic orbits, equation (4.3) allows one to analyse (3.19) in terms of periodic-orbits
sums that are familiar from equidistribution theorems of periodic orbits (see, e.g., [26]).

For the kind of Hamiltonian flows characterized above mean values of observables on�E
with respect to the Liouville measure can be calculated with the help of appropriate periodic-
orbit sums. We postpone a detailed discussion of this matter to appendix B, from which we
here only quote that for any continuous observablea one obtains the representation

āE :=
∫
�E

a(p,x) dµE(p,x) = lim
T→∞

1

T

∑
γ, Tγ6T

Tγ ā
γ pγ (4.4)

whereāγ denotes an average ofa along the periodic orbitγ ,

āγ := 1

Tγ

∫ Tγ

0
a
(
8t
H (p,x)

)
dt with (p,x) ∈ γ. (4.5)
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We remark that a heuristic derivation of an analogous identity to (4.4) was given by Hannay
and Ozorio de Almeida [14].

One can apply the relation (4.4) to determine the leading semiclassical behaviour of (3.19)
once one has chosen a suitable observablea whose averagēaγ yields the quantity(tr dγ )2

appearing in (3.19). This, however, can only be achieved in an indirect manner. Our choice
of the observable requires recalling the semiclassical time evolution of the spin degrees of
freedom along the trajectories of the classical flow8t

H . Let d(p,x, t) ∈ SU(2) denote the
solution of the spin transport equation [15, 16]

ḋ(p,x, t) + iM(8t
H (p,x)) d(p,x, t) = 0 d(p,x, 0) = 1l2 (4.6)

where the time derivative is understood to be along the trajectory8t
H (p,x). M is a certain

Hermitian and traceless 2× 2 matrix valued function on�E , whose precise form depends on
the quantum Hamiltonian under consideration (see [16] for details). Geometrically,d(p,x, t)

can also be interpreted as a parallel transporter in some vector bundle so thatd(p,x, Tγ ), with
(p,x) ∈ γ , is the holonomy associated with the periodic orbitγ . Since its trace is invariant
under a shift of the initial point(p,x) ∈ γ along the orbit, one can introduce the notation
tr dγ := tr d(p,x, Tγ ). We are thus in a position to define the observable

a(p,x, t) := [tr d(p,x, t)]2 (4.7)

which is a function on�E that in addition depends on a parametert . Due to the above remark
concerning the interpretation ofd(p,x, Tγ ) as a holonomy, the average (4.5) of this observable
along a periodic orbitγ , whent = Tγ is chosen, yields

āγ (Tγ ) = 1

Tγ

∫ Tγ

0
a
(
8t ′
H (p,x), Tγ

)
dt ′ = (tr dγ )2 (4.8)

for any(p,x) ∈ γ . Without the choicet = Tγ , however,āγ (t) is not related to(tr dγ )2. We
can hence now employ (4.4) to deduce the asymptotic relation∑

γ, Tγ6T
T 2
γ ā

γ (t) pγ ∼ 1
2T

2 āE(t) T →∞ (4.9)

which is valid for anyt . Notice that here we have introduced an extra power ofTγ in the same
manner as in (B.7) and (B.8). We now differentiate with respect toT ,∑

γ

T 2
γ ā

γ (t) pγ δ(T − Tγ ) ∼ T āE(t) T →∞ (4.10)

and then chooset = T . Together with (4.8) this allows one to conclude that∑
γ

T 2
γ (tr dγ )

2pγ δ(T − Tγ ) ∼ T āE(T ) T →∞. (4.11)

Thus, at this point we have obtained the asymptotic relation

K
diag
2 (τ ; TH ) ∼ ḡ τ āE(τTH ) (4.12)

for the diagonal form factor (3.17) in the limitTH →∞, τ → 0 such thatτTH →∞.
The remaining task therefore consists of determining the asymptotics ofāE(T )asT →∞.

In order to achieve this one has to go back to the representation

āE(T ) =
∫
�E

[tr d(p,x, T )]2 dµE(p,x) (4.13)
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of āE(T ) as an average over phase space. Since theT dependence involvesd(p,x, T ) one
might anticipate that the limitT →∞ of (4.13) depends on certain ergodic properties of the
spin dynamics. The latter being considered along trajectories of the translational dynamics,
one hence has to combine both dynamics in a suitable way. In ergodic theory the relevant
construction is known as askew product(see, e.g., [27]). Appropriate ergodic properties of
the skew product dynamics will then allow for a determination of the asymptotic behaviour of
(4.13). Let us therefore now construct the skew product of translational and spin dynamics. To
this end one defines a flowY t on the product phase spaceM := �E ×SU(2) in the following
way:

Y t ((p,x), g) := (8t
H (p,x), d(p,x, t)g

)
(4.14)

for (p,x) ∈ �E andg ∈ SU(2). The initial conditionY 0((p,x), g) = ((p,x), g) is obviously
fulfilled, and the composition lawY t+t

′ = Y t ◦ Y t ′ immediately follows from the relation

d(p,x, t + t ′) = d(8t ′
H (p,x), t) d(p,x, t

′) (4.15)

that can be concluded from (4.6). OnM one then defines the direct productµ := µE × µH
of the Liouville measureµE and of the normalized Haar measureµH of SU(2). We recall
that the latter is theuniquenormalized left- and right-invariant positive Radon measure on the
group manifold (see, e.g., [28]). Due to both the invariance of the Liouville measure under
the Hamiltonian flow8t

H and the left-invariance of the Haar measure, the product measureµ

is invariant underY t . A dynamical system of this kind is known as anSU(2) extension of
8t
H or, more generally, a skew product. The spin dynamics defined by (4.6) is then called a

cocycle for8t
H with values inSU(2) (for further information see, e.g., [27]).

In addition to the assumptions made for8t
H in section 3, in the following we will assume

thatY t is (strongly) mixing. This implies that for anyF ∈ L2(M×M)

lim
t→∞

∫
M
F
(
Y t ((p,x), g), ((p,x), g)

)
dµ((p,x), g)

=
∫
M

∫
M
F(((p,x), g), ((ξ,y), h))dµ((p,x), g)dµ((ξ,y), h). (4.16)

We remark that usually the mixing property is defined for pairs of functionsF1, F2 ∈ L2(M).
However, if one viewsL2(M×M) asL2(M)⊗L2(M) and introduces a tensor-product basis,
equation (4.16) follows immediately because every element of this basis fulfils the usual mixing
property. If now the functionF does not depend on the translational degrees of freedom, i.e.
F : SU(2)× SU(2)→ R, the mixing property (4.16) yields

lim
t→∞

∫
M
F(d(p,x, t)g, g)dµ((p,x), g) =

∫
SU(2)

∫
SU(2)

F (g, h)dµH(g) dµH(h). (4.17)

A suitable choice of the functionF then allows one to determine the asymptotic behaviour of
āE(T ) asT →∞ from (4.17). In order to achieve this we recall the representation (4.13) of
āE(T ), which obviously can also be written as

āE(T ) =
∫
SU(2)

∫
�E

[
tr(d(p,x, T )gg−1)

]2
dµE(p,x) dµH(g). (4.18)

Upon now defining the functionF(g, h) := [tr(gh−1)]2, g, h ∈ SU(2), one can employ (4.17)
to conclude that

lim
T→∞

āE(T ) = lim
T→∞

∫
M
F(d(p,x, T )g, g)dµ((p,x), g)

=
∫
SU(2)

∫
SU(2)

[tr(gh−1)]2 dµH(g) dµH(h). (4.19)
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Substitutingg′ = gh−1 in the inner integral and using the right-invariance ofµH , the integrand
no longer depends onh. Thus we obtain

lim
T→∞

āE(T ) =
∫
SU(2)

[tr g′]2 dµH(g
′) (4.20)

i.e. in the limitT → ∞ the expectation value of [trd(p,x, T )]2, when averaged over phase
space, can be computed by an average over the groupSU(2)with respect to the Haar measure.

The same obviously holds true for any moment of trd(p,x, T ) so that the asymptotic
distribution of trd(p,x, T ), when the initial points(p,x) ∈ �E are uniformly distributed
with respect toµE , can be computed via

lim
T→∞

µE{(p,x) ∈ �E; tr d(p,x, T ) ∈ [a, b]} =
∫ b

a

∫
SU(2)

δ(tr g − w) dµH(g) dw.

(4.21)

In order to evaluate the integral overSU(2) explicitly we remark that anyg ∈ SU(2) can be
represented as

g(u) = u01l2 + iσu with u = (u0,u) ∈ R4 and
3∑
j=0

u2
j = 1. (4.22)

In this parametrization the Haar measure is given by (see, e.g., [28])

dµH(g(u)) = 1

π2
δ

( 3∑
j=0

u2
j − 1

)
d4u. (4.23)

A simple calculation now shows that the distribution (4.21) obeys asemicircle law, i.e. its
density reads

p(w) =
∫
SU(2)

δ(tr g − w) dµH(g) =


1

π

√
1− ( 1

2w
)2 −26 w 6 +2

0 otherwise.
(4.24)

What is required in (4.20) is the second moment of the distribution (4.21). With the help of
(4.24) this can now easily be computed to yield one, i.e.

āE(T ) ∼ 1 as T →∞. (4.25)

The integrated version of (4.11) therefore reads∑
γ, Tγ6T

T 2
γ (tr dγ )

2pγ ∼ 1
2T

2 T →∞. (4.26)

Furthermore, equations (4.12) and (4.25) imply the asymptotic behaviour

K
diag
2 (τ ; TH ) ∼ ḡτ (4.27)

of the diagonal form factor in the regimeTH →∞, τ → 0, τTH →∞.
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5. Summary and conclusions

In section 3 we demonstrated how the two-point form factor for a quantum system with
spin 1

2 can be analysed semiclassically by making use of an appropriate trace formula. The
diagonal approximation led us to the periodic-orbit sum (3.19) whose asymptotics determine
the behaviour of the diagonal form factor for smallτ in the semiclassical limit. Our conclusion
(4.27) now has to be compared with the relevant random matrix results (2.19) and (2.21).
To this end we have to distinguish time-reversal invariant quantum Hamiltonians from non-
invariant ones. But let us first summarize our findings. In appendix A we show that quantum
mechanical time-reversal invariance implies that not only the classical translational dynamics
are time-reversal invariant but, moreover, the spin dynamics behave in such a way that the
amplitudesAγ,k appearing in the semiclassical trace formula are also invariant under time
reversal. This leads to the occurrence of the multiplicitiesgγ,k in the expression (3.19).
Then, when the generic conditions stated at the end of section 3 are met, we can pull out
the factorsgγ,k from the sum and replace them by eitherḡ = 2, if (quantum mechanical) time-
reversal invariance is present, or else byḡ = 1. If, furthermore, the translational dynamics are
ergodic and hyperbolic, the equidistribution of periodic orbits allowed us to determine the spin
contribution to the amplitudesAγ,k. We further requested the skew product of the translational
and the spin dynamics to be mixing. This then enabled us to identify the distribution of the
traces of the spin-transport matrices and to calculate its second moment, which enters through
the amplitudesAγ,k.

Hence, if quantum mechanical time-reversal invariance is absent, the diagonal
approximation (4.27) states thatKdiag

2 (τ ; TH ) ∼ τ , which is identical with the diagonal
approximation in the case of Schrödinger operators [13] and coincides with the small-τ

asymptotics of the GUE form factor (2.21). If, however, the quantum Hamiltonian is invariant
under time reversal so that we have to chooseḡ = 2, the diagonal approximation becomes
K

diag
2 (τ ; TH ) ∼ 2τ . According to (2.17) Kramers’ degeneracy then forces us to compare the

random matrix form factor with the modified semiclassical result

K̃
diag
2 (τ ; TH ) = 1

2K
diag
2

(
1
2τ ; TH

) ∼ 1
2τ (5.1)

which now coincides with the small-τ asymptotics of the GSE form factor (2.19). In both
cases this is exactly the behaviour that is predicted by the conjecture of Bohigas, Giannoni and
Schmit as stated in (2.20) and (2.18).
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Appendix A. Classical and quantum mechanical time reversal

In this appendix we are going to discuss the relation between classical and quantum mechanical
time reversal for systems with spin12. We restrict our discussion to the conventional time-
reversal operation that leaves the position coordinates unchanged and reverses momentum and
spin coordinates as well as the timet . The discussion of generalized time-reversal operators
that combine conventional time reversal with another unitary symmetry operation is analogous
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(see [21] for examples). To be specific we consider as a quantum Hamiltonian for a particle
of massm, chargee and spin1

2 either a Dirac Hamiltonian

ĤD = cα
(
h̄

i
∇ − e

c
A(x)

)
+ βmc2 + eϕ(x) (A.1)

or a (generalized) Pauli Hamiltonian

ĤP = ĤS 1l2 + h̄σC

(
h̄

i
∇,x

)
. (A.2)

In the relativistic case (A.1) the Dirac algebra is realized by the 4× 4 matrices

α =
(

0 σ

σ 0

)
β =

(
1l2 0
0 −1l2

)
(A.3)

whereσ denotes the vector of Pauli matrices and 1l2 is a 2× 2 unit matrix. The non-
relativistic Hamiltonian (A.2) is composed of a Schrödinger operatorĤS and a coupling
term of spin to the translational degrees of freedom. The latter has to be understood as
the quantization of someR3-valued functionC(p,x) on phase space. For example, this
can be a magnetic field, i.e.CB(p,x) = −(e/2mc)B(x), or a spin–orbit coupling term
Cso(p,x) = [1/(4m2c2|x|)][dV (|x|)/d|x|] (x× p).

For systems with spin12 the operator of time reversal is given by

T̂ := ei 1
2πσy K̂ = i σyK̂ (A.4)

whereK̂ is the operator of complex conjugation in position representation, see [21]. In the
relativistic case, wherêT has to act on four-component spinors, equation (A.4) shall mean
a block diagonal 4× 4 matrix with two copies of (A.4) in the diagonal blocks. A quantum
system with HamiltonianĤ to be time-reversal invariant requiresT̂ Ĥ T̂ −1 = Ĥ . Thus, in the
case of a Dirac Hamiltonian (A.1)

T̂ ĤDT̂
−1 = c(−α)

(
− h̄

i
∇ − e

c
A(x)

)
+ βmc2 + eϕ(x) (A.5)

shows that conventional time-reversal invariance is equivalent to the absence of magnetic
forces. For the Pauli Hamiltonian (A.2) to commute withT̂ we first need the Schrödinger
operatorĤS to be time-reversal invariant, i.e.̂KĤSK̂ = ĤS . In addition, the condition

T̂σC

(
h̄

i
∇,x

)
T̂ −1 = −σC

(
− h̄

i
∇,x

)
!= σC

(
h̄

i
∇,x

)
(A.6)

has to be met, i.e. the coupling termC(p,x) must be an odd function of momentump. This
requirement is fulfilled by the spin–orbit coupling termCso, but is violated by the couplingCB
to an external magnetic field. In both the relativistic and the non-relativistic situation, however,
even the presence of a magnetic field might allow for the existence of an anti-unitary operator
representing a generalized time-reversal symmetry that commutes with the Hamiltonian (see
[3, 21]).

We now want to investigate the implications of a quantum mechanical time-reversal
invariance for the semiclassical analysis of the form factor. The first obvious consequence
is a time-reversal invariance of the classical translational dynamics. But furthermore, also
the spin dynamics, governed by the spin transport equation (4.6), exhibits a certain kind of
symmetry under time reversal. In order to discuss the latter, one has to study the behaviour of
the matrixM entering (4.6) underx 7→ x, p 7→ −p. For a Pauli HamiltonianM is given by
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σC(p,x), whereC(p,x) is defined as above, and for a Dirac Hamiltonian with no magnetic
field one findsM = σg(|p|) E(x)×p (see [16] for details). In each case quantum mechanical
time-reversal invariance therefore impliesM(−p,x) = −M(p,x). Now substitutingt 7→ −t
andp 7→ −p in (4.6) one obtains

−ḋ(−p,x,−t) + iM(8−tH (−p,x)) d(−p,x,−t) = 0. (A.7)

Since the translational dynamics are time-reversal invariant,M being odd in the momentum
variable leads to

ḋ(−p,x,−t) + iM(8t
H (p,x)) d(−p,x,−t) = 0 (A.8)

and therefored(−p,x,−Tγ ) = d(p,x, Tγ ). Moreover, the fact thatd(p,x, Tγ ) ∈ SU(2)
is a holonomy impliesd(−p,x,−Tγ ) = [d(−p,x, Tγ )]−1 so that finally trd(−p,x, Tγ ) =
tr d(p,x, Tγ ). Altogether the above considerations confirm that the presence of a quantum
mechanical time-reversal invariance implies that a primitive periodic orbitγ and its time-
reversed partner share identical amplitudesAγ,k.

Appendix B. Equidistribution of long periodic orbits

In this appendix we want to show how the periodic-orbit representation (4.4) of Liouville
measure can be obtained from equidistribution properties of periodic orbits. The basic reference
for the following is [26]. Our assumptions on the flow8t

H are as stated in section 4.
In order to proceed further we first have to introduce some notation. LetB denote the set

of all 8t
H -invariant Borel probability measures on�E . Any µ ∈ B can be associated with

a metric entropyhµ. Then for any Ḧolder-continuous observablef ∈ Cα(�E), with some
α > 0, the topological pressure is defined as

P(f ) := sup

{
hµ +

∫
�E

f dµ;µ ∈ B
}
. (B.1)

The supremum is attained for a unique measureµf , which is called theequilibrium measure
for the observablef . The periodic orbits of the flow8t

H are then equidistributed with respect
toµf in the following sense:∫

�E

a(p,x) dµf (p,x) = lim
T→∞

∑
γ, Tγ6T Tγ ā

γ exp(Tγ f̄ γ )∑
γ, Tγ6T Tγ exp(Tγ f̄ γ )

(B.2)

for everya ∈ C(�E). The averages over periodic orbits are defined as in (4.5).
In the next step one has to identify the Liouville measure as the equilibrium measure of

some observablef . To this end we consider the tangential mapD8t
H restricted to the unstable

sub-bundleEu of the tangent bundleT�E and define

f (p,x) := − d

dt
log detD8t

H (p,x)

∣∣∣∣
Eu,t=0

. (B.3)

A direct calculation then yields

f̄ γ = − 1

Tγ

d−1∑
j=1

uγ,j so that eTγ f̄
γ = pγ (B.4)

(cf (4.3)). Furthermore, the equilibrium measure associated with the observable (B.3) is called
theSinai–Ruelle–BowenmeasureµSRB, for which it is known that for everya ∈ C(�E)

lim
T→∞

1

T

∫ T

0
a
(
8t
H (p,x)

)
dt =

∫
�E

a(p′,x′) dµSRB(p
′,x′) (B.5)
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holds for a set of initial conditions(p,x) ∈ �E with positive Liouville measure (see [29] for
more information). Since8t

H is supposed to be ergodic with respect toµE , one concludes
thatµSRB= µE .

What is still lacking is an asymptotic estimate of the denominator on the right-hand side
of (B.2). In order to obtain this we first have to introduce a regularization in that we multiply
the observable (B.3) by some factorβ < 1. Then we appeal to the relation∑

γ
T−ε6Tγ6T +ε

Tγ p
β
γ ∼

eP(βf )T

P (βf )

[
eP(βf )2ε − 1

]
T →∞ (B.6)

(see [26]). SinceP(f ) = 0, in the limitβ → 1 one obtains fork ∈ N∑
γ

T−ε6Tγ6T +ε

T kγ pγ ∼ 2ε T k−1 T →∞. (B.7)

Now replacingε by T , followed by the rescaling 2T 7→ T , this implies∑
γ

Tγ6T

T kγ pγ ∼ 21−k T k T →∞. (B.8)

Then introducing the relations (B.4) and (B.8) in (B.2) finally yields the periodic-orbit
representation (4.4) of the Liouville measure.
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